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1 Introduction
Let q ≥ 2 be an integer and χ be a Dirichlet character modulo q. For any integer n,
the classical quadratic Gauss sums G(n; q) and the generalized quadratic Gauss sums
G(n, χ; q) are defined respectively by
G(n; q) =
q∑
a=1
e
(
na2
q
)
,
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and
G(n, χ; q) =
q∑
a=1
χ(a)e
(
na2
q
)
,
where e(x) = e2piix.
The study of G(n, χ; q) is important in number theory, since it is a generation of
G(n, q). In [5], Weil proved that if p ≥ 3 is a prime, then
|G(n, χ; p)| ≤ 2√p.
In fact, Cochrane and Zheng [2] generalized this result to any integer. That is, for
any integer n with (n, q) = 1, we have
|G(n, χ; q)| ≤ 2ω(q)√q,
where ω(q) is the number of all distinct prime divisors of q.
Beside the upper bound of G(n, χ; q), the power mean value of |G(n, χ; q)| had also
been studied by some authors. W. Zhang (see [6]) proved that if p is an odd prime
and n is an integer with (n, p) = 1, then
∑
χ mod p
|G(n, χ; p)|4 =


(p− 1)[3p2 − 6p− 1 + 4
(
n
p
)√
p] , p ≡ 1 mod 4 ;
(p− 1)(3p2 − 6p− 1) , p ≡ 3 mod 4 .
and
∑
χ mod p
|G(n, χ; p)|6 = (p− 1)(10p3 − 25p2 − 4p− 1), if p ≡ 3 mod 4,
where (n
p
) is the Legendre symbol. For p ≡ 1 mod 4, it is still an open question to
calculate the exact value of
∑
χ mod p |G(n, χ; p)|6.
In 2005, W. Zhang and H. Liu [7] proved that if q ≥ 3 is a square-full number,
then for any integer n, k with (nk, q) = 1, k ≥ 1, we have
∑
χ mod q
|G(n, χ; q)|4 = q · φ2(q)
∏
p|q
(k, p− 1)2 ·
∏
p|q
(k,p−1)=1
φ(p− 1)
p− 1 ,
where φ(q) is the Euler funtion.
Recently, Y. He and W. Zhang [3] proved the following result.
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Let odd number q > 1 be a square-full number. Then for any integer n with
(n, q) = 1 and k=3 or 4, we have the identity
∑
χ mod q
|G(n, χ; q)|2k = 4(k−1)ω(q) · qk−1 · φ2(q).
Besides, they conjectured the above identity also holds for k ≥ 5.
In this paper, we prove this conjecture in the following.
Theorem 1. Let odd number q > 1 be a square-full number, m ≥ 2 be an integer.
Then for any integer n with (n, q) = 1, we have the identity
∑
χ mod q
|G(n, χ; q)|2m = 4(m−1)ω(q) · qm−1 · φ2(q).
2 Proofs
Let p ≥ 3 be a prime, and let k, n, a be three integers with 1 ≤ k ≤ n. Write
Tp(n, k, a) =
p−1∑
x1=1
p−1∑
x2=1
· · ·
p−1∑
xn=1
x1+···+xn≡a mod p
(
x1x2 · · ·xk
p
)
.
In order to prove Theorem 1, we need some lemmas on the value of Tp(n, k, a).
Lemma 1. (See [4, Theorem 8.2].) Let p ≥ 3 be a prime. Then for any integer a, we
have
p−1∑
x=1
(
x2 + ax
p
)
=


−1, if p ∤ a;
p− 1, if p | a.
This is a basic lemma which we will use to calculate the value of Tp(n, k, a).
Lemma 2. Let p ≥ 3 be a prime. Then for any integer n ≥ 1, we have
Tp(n, n, 0) =


0 , if 2 ∤ n;
p(n−2)/2(p− 1)
(
−1
p
)n/2
, if 2 | n.
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Proof. By the definition of Tp(n, k, a) and Lemma 1, for n ≥ 3, we have
Tp(n, n, 0)
=
p−1∑
x1=1
p−1∑
x2=1
· · ·
p−1∑
xn−1=1
p−1∑
xn=1
x1+···+xn≡0 mod p
(
x1x2 · · ·xn−1xn
p
)
=
p−1∑
x1=1
p−1∑
x2=1
· · ·
p−1∑
xn−1=1
(
x1x2 · · ·xn−1(−x1 − · · · − xn−1)
p
)
=
(−1
p
) p−1∑
x1=1
p−1∑
x2=1
· · ·
p−1∑
xn−2=1
(
x1x2 · · ·xn−2
p
)
·
p−1∑
xn−1=1
(
x2n−1 + (x1 + · · ·+ xn−2)xn−1
p
)
=
(−1
p
) p−1∑
x1=1
p−1∑
x2=1
· · ·
p−1∑
xn−2=1
x1+···+xn−2 6≡0 mod p
(
x1x2 · · ·xn−2
p
)
· (−1)
+
(−1
p
) p−1∑
x1=1
p−1∑
x2=1
· · ·
p−1∑
xn−2=1
x1+···+xn−2≡0 mod p
(
x1x2 · · ·xn−2
p
)
· (p− 1)
=
(−1
p
)
(−1)
p−1∑
x1=1
p−1∑
x2=1
· · ·
p−1∑
xn−2=1
(
x1x2 · · ·xn−2
p
)
−
(−1
p
)
(−1)
p−1∑
x1=1
p−1∑
x2=1
· · ·
p−1∑
xn−2=1
x1+···+xn−2≡0 mod p
(
x1x2 · · ·xn−2
p
)
+
(−1
p
)
(p− 1)
p−1∑
x1=1
p−1∑
x2=1
· · ·
p−1∑
xn−2=1
x1+···+xn−2≡0 mod p
(
x1x2 · · ·xn−2
p
)
=
(−1
p
)
p
p−1∑
x1=1
p−1∑
x2=1
· · ·
p−1∑
xn−2=1
x1+···+xn−2≡0 mod p
(
x1x2 · · ·xn−2
p
)
=
(−1
p
)
p · Tp(n− 2, n− 2, 0).
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It is easy to calculate Tp(1, 1, 0) and Tp(2, 2, 0).
Tp(1, 1, 0) =
p−1∑
x=1
(
x
p
)
= 0 ,
Tp(2, 2, 0) =
p−1∑
x1=1
p−1∑
x2=1
x1+x2≡0 mod p
(
x1x2
p
)
=
p−1∑
x1=1
(−x21
p
)
=
(−1
p
)
(p− 1).
Therefore, we have
Tp(2k + 1, 2k + 1, 0) =
((−1
p
)
p
)k
Tp(1, 1, 0) = 0 ,
Tp(2k, 2k, 0) =
((−1
p
)
p
)k−1
Tp(2, 2, 0) =
(−1
p
)k
pk−1(p− 1).
This completes the proof of Lemma 2.
Lemma 3. Let p ≥ 3 be a prime and n ≥ 1 be an integer. Then for any integer a
with (a, p) = 1, we have
Tp(n, n, a) =


(
a
p
)
p(n−1)/2
(
−1
p
)(n−1)/2
, if 2 ∤ n;
−p(n−2)/2
(
−1
p
)n/2
, if 2 | n.
Proof. Since (a, p) = 1, we have
Tp(n, n, a) =
p−1∑
x1=1
p−1∑
x2=1
· · ·
p−1∑
xn=1
x1+···+xn≡a mod p
(
x1x2 · · ·xn
p
)
=
p−1∑
ax1=1
p−1∑
ax2=1
· · ·
p−1∑
axn=1
ax1+···+axn≡a mod p
(
ax1ax2 · · · axn
p
)
=
(
a
p
)n p−1∑
x1=1
p−1∑
x2=1
· · ·
p−1∑
xn=1
x1+···+xn≡1 mod p
(
x1x2 · · ·xn
p
)
=
(
a
p
)n
Tp(n, n, 1).
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The calculation of Tp(n, n, 1) is very similar to that of Tp(n, n, 0) in Lemma 2, so we
directly give the result here.
Tp(n, n, 1) =


p(n−1)/2
(
−1
p
)(n−1)/2
, if 2 ∤ n;
−p(n−2)/2
(
−1
p
)n/2
, if 2 | n.
Hence,
Tp(n, n, a) =
(
a
p
)n
Tp(n, n, 1) =


(
a
p
)
p(n−1)/2
(
−1
p
)(n−1)/2
, if 2 ∤ n;
−p(n−2)/2
(
−1
p
)n/2
, if 2 | n.
This completes the proof of Lemma 3.
Lemma 4. Let p ≥ 3 be a prime, and let k, n, a be three integers with 1 ≤ k ≤ n.
Then we have
Tp(n, k, a) =


(−1)n−k
(
a
p
)
p(k−1)/2
(
−1
p
)(k−1)/2
, if 2 ∤ k and p ∤ a;
0 , if 2 ∤ k and p | a;
(−1)n+1−k
(
−1
p
)k/2
p(k−2)/2 , if 2 | k and p ∤ a;
(−1)n−k(p− 1)
(
−1
p
)k/2
p(k−2)/2 , if 2 | k and p | a.
(1)
Proof. For k ≤ n− 1, we have
Tp(n, k, a)
=
p−1∑
x1=1
p−1∑
x2=1
· · ·
p−1∑
xn=1
x1+···+xn≡a mod p
(
x1x2 · · ·xk
p
)
=
p−1∑
x1=1
p−1∑
x2=1
· · ·
p−1∑
xn−1=1
(
x1x2 · · ·xk
p
)
−
p−1∑
x1=1
p−1∑
x2=1
· · ·
p−1∑
xn−1=1
x1+···+xn−1≡a mod p
(
x1x2 · · ·xk
p
)
= −Tp(n− 1, k, a).
Then by induction on n we have
Tp(n, k, a) = (−1)n−kTp(k, k, a)
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for all n ≥ k. By Lemma 2 and Lemma 3, we obtain equation (1), which completes
the proof of Lemma 4.
Lemma 5. Let p ≥ 3 be a prime, α ≥ 2, a and n be three integers with 1 ≤ a ≤ pα−1
and (n, p) = 1. If pα−1 ‖ a2 − 1, then we write a = rpα−1 + ε, where 1 ≤ r ≤ p − 1
and ε = ±1. Then we have
pα∑′
b=1
e
(
nb2(a2 − 1)
pα
)
=


0 , if pα−1 ∤ a2 − 1;
pα−1
[(
2εrn
p
)
G(1; p)− 1] , if pα−1 ‖ a2 − 1;
φ(pα) , if pα | a2 − 1 .
Proof. See the proof of Lemma 4 of [3].
Lemma 6. Let p ≥ 3 be a prime. Then for any two integers n ≥ 1 and a, we have
p−1∑
x1=1
p−1∑
x2=1
· · ·
p−1∑
xn=1
x1+x2+···+xn≡a mod p
1 =


(
(p− 1)n − (−1)n)/p , if p ∤ a;
(
(p− 1)n + (p− 1)(−1)n)/p , if p | a.
Proof.
p−1∑
x1=1
p−1∑
x2=1
· · ·
p−1∑
xn=1
x1+···+xn≡a mod p
1 =
p−1∑
x1=1
p−1∑
x2=1
· · ·
p−1∑
xn−1=1
1−
p−1∑
x1=1
p−1∑
x2=1
· · ·
p−1∑
xn−1=1
x1+···+xn−1≡a mod p
1
= (p− 1)n−1 −
p−1∑
x1=1
p−1∑
x2=1
· · ·
p−1∑
xn−1=1
x1+···+xn−1≡a mod p
1.
Then by induction on n, we have
p−1∑
x1=1
p−1∑
x2=1
· · ·
p−1∑
xn=1
x1+···+xn≡a mod p
1 =
n−2∑
k=1
(−1)k+1(p− 1)n−k + (−1)n−2
p−1∑
x1=1
p−1∑
x2=1
x1+x2≡a mod p
1
=


(
(p− 1)n − (−1)n)/p, if p ∤ a;
(
(p− 1)n + (p− 1)(−1)n)/p, if p | a.
This completes the proof of Lemma 6.
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Lemma 7. (See [1, Theorem 9.13].) For any odd prime p, we have
G2(1; p) =
(−1
p
)
p .
Lemma 8. (See [7, Lemma 6].) Let m,n ≥ 2 and u be three integers with (m,n) = 1
and (u,mn) = 1. Then for any character χ = χ1χ2 with χ1 mod m and χ2 mod n, we
have the identity
G(u, χ;mn) = χ1(n)χ2(m)G(un, χ1;m)G(um, χ2;n).
Lemma 9. Let p ≥ 3 be a prime, α ≥ 2, m ≥ 2 be two integers . Then for any integer
n with (n, p) = 1, we have the identity
∑
χ mod pα
|G(n, χ; pα)|2m = 4(m−1) · φ2(pα) · p(m−1)α.
Proof. By the definition of G(n, χ; pα), we have
|G(n, χ; pα)|2 =
pα∑′
a=1
pα∑′
b=1
χ(a)χ(b)e
(
n(a2 − b2)
pα
)
=
pα∑′
a=1
χ(a)
pα∑′
b=1
e
(
nb2(a2 − 1)
pα
)
.
Hence, by this formula we have
∑
χ mod pα
|G(n, χ; pα)|2m
=
∑
χ mod pα
pα∑′
x1=1
pα∑′
x2=1
· · ·
pα∑′
xm=1
χ(x1 · · ·xm)
m∏
i=1

 pα∑′
yi=1
e
(
ny2i (x
2
i − 1)
pα
)
= φ(pα)
pα∑′
x1=1
pα∑′
x2=1
· · ·
pα∑′
xm=1
x1x2···xm≡1 mod pα
m∏
i=1

 pα∑′
yi=1
e
(
ny2i (x
2
i − 1)
pα
) .
Then by Lemma 5 we have
∑
χ mod pα
|G(n, χ; pα)|2m = φ(pα)
m∑
k=0
(
m
k
)
A(m, k), (2)
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where
A(m, k) =
pα∑′
x1=1
pα−1‖x21−1
· · ·
pα∑′
xk=1
pα−1‖x2
k
−1
pα∑′
xk+1=1
pα|x2
k+1−1
· · ·
pα∑′
xm=1
pα|x2m−1
x1x2···xm≡1 mod pα
m∏
i=1

 pα∑′
yi=1
e
(
ny2i (x
2
i − 1)
pα
) .
Now, in order to prove Lemma 9, we need to calculate A(m, k).
A(m, k)
=
pα∑′
x1=1
pα−1‖x21−1
· · ·
pα∑′
xk=1
pα−1‖x2
k
−1
pα∑′
xk+1=1
pα|x2
k+1−1
· · ·
pα∑′
xm=1
pα|x2m−1
x1x2···xm≡1 mod pα
m∏
i=1

 pα∑′
yi=1
e
(
ny2i (x
2
i − 1)
pα
)
= 2φ(pα)
pα∑′
x1=1
pα−1‖x21−1
· · ·
pα∑′
xk=1
pα−1‖x2
k
−1
pα∑′
xk+1=1
pα|x2
k+1−1
· · ·
pα∑′
xm−1=1
pα|x2m−1−1
x1x2···xm−1≡1 mod pα
m−1∏
i=1

 pα∑′
yi=1
e
(
ny2i (x
2
i − 1)
pα
)
= 2φ(pα)A(m− 1, k).
Hence, by induction on m, we have
A(m, k) = 2m−kφm−k(pα)A(k, k). (3)
Next, we shall calculate A(k, k). By the definition, we have
A(k, k) =
pα∑′
x1=1
pα−1‖x21−1
· · ·
pα∑′
xk=1
pα−1‖x2
k
−1
x1x2···xk≡1 mod pα
k∏
i=1

 pα∑′
yi=1
e
(
ny2i (x
2
i − 1)
pα
) .
Write xi = rip
α−1 + εi(1 ≤ ri ≤ p − 1, εi = ±1) for i = 1, 2, · · · , k. Then by Lemma
9
5, we have
A(k, k)
= pk(α−1)
p−1∑
r1=1
p−1∑
r2=1
· · ·
p−1∑
rk=1
ε1r1+ε2r2+···+εkrk≡0 mod p
ε1ε2···εk=1
k∏
i=1
((
2nεiri
p
)
G(1; p)− 1
)
= pk(α−1)
p−1∑
r1=1
p−1∑
r2=1
· · ·
p−1∑
rk=1
r1+r2+···+rk≡0 mod p
ε1ε2···εk=1
k∏
i=1
((
2nri
p
)
G(1; p)− 1
)
= 2k−1pk(α−1)
p−1∑
r1=1
p−1∑
r2=1
· · ·
p−1∑
rk=1
r1+r2+···+rk≡0 mod p
k∏
i=1
((
2nri
p
)
G(1; p)− 1
)
= 2k−1pk(α−1) ·
p−1∑
r1=1
p−1∑
r2=1
· · ·
p−1∑
rk=1
r1+r2+···+rk≡0 mod p
(
(−1)k
+
k∑
j=1
(−1)k−j
(
k
j
)(
2n
p
)j
Gj(1; p)
(
r1r2 · · · rj
p
))
.
By Lemma 4 and Lemma 6, the above equality becomes
A(k, k)
= 2k−1pk(α−1)(−1)k
(
1
p
(
(p− 1)k + (p− 1)(−1)k)
+
⌊k/2⌋∑
j=1
(−1)2j
(
k
2j
)(
2n
p
)2j
G2j(1; p)(−1)k−2j
(−1
p
)j
pj−1(p− 1)
)
.
By Lemma 7, we have
A(k, k)
= 2k−1pk(α−1)−1
(
(−1)k(p− 1)k + (p− 1) +
⌊k/2⌋∑
j=1
(
k
2j
)
p2j(p− 1)
)
= 2k−1pk(α−1)−1
(
(−1)k(p− 1)k + (p− 1)((p+ 1)k + (1− p)k)/2)
= 2k−2pk(α−1)−1
(
(p+ 1)(1− p)k + (p− 1)(p+ 1)k
)
.
Hence, by (3) we have
A(m, k) = 2m−2pm(α−1)−1
(
(−1)k(p+ 1)(p− 1)m + (p− 1)m−k+1(p+ 1)k
)
.
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Finally, by (2) we have
∑
χ mod pα
|G(n, χ; pα)|2m
= φ(pα)
m∑
k=0
(
m
k
)
2m−2pm(α−1)−1
(
(−1)k(p+ 1)(p− 1)m + (p− 1)m−k+1(p+ 1)k
)
= φ(pα)2m−2pm(α−1)−1(p+ 1)(p− 1)m
m∑
k=0
(
m
k
)
(−1)k
+ φ(pα)2m−2pm(α−1)−1
m∑
k=0
(
m
k
)
(p− 1)m−k+1(p+ 1)k
= 0 + φ(pα)2m−2pm(α−1)−1(p− 1)(2p)m
= 4m−1φ2(pα)pα(m−1).
This completes the proof of Lemma 9.
Proof of Theorem 1. Since q is an odd square-full number, let q = pα11 p
α2
2 · · · p
αω(q)
ω(q) ,
we have αi ≥ 2, i = 1, · · ·ω(q). For any integer n with (n, q) = 1, by Lemma 8 and
Lemma 9, we obtain
∑
χ mod q
|G(n, χ; q)|2m
=
ω(q)∏
i=1
p
αi
i ‖q
∑
χ mod p
αi
i
|G(nq/pαii , χ; pαii )|2m
=
ω(q)∏
i=1
p
αi
i ‖q
(
4m−1p
αi(m−1)
i φ
2(pαii )
)
= 4(m−1)ω(q) · qm−1 · φ2(q) .
This completes the proof of theorem 1.
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